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In this study, we establish some newweighted inequalities of Ostrowski and Čebyšev type
involving two functions on time scales. Our proofs are of independent interest and provide
new estimates on these types inequalities.
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1. Introduction
In 1882, Čebyšev [1] gave the following inequality:
|T (f , g)| ≤ 1
12
(b− a)2‖f ′‖∞‖g ′‖∞, (1.1)
where f , g : [a, b] → R are absolutely continuous function, whose first derivatives f ′ and g ′ are bounded,
T (f , g) = 1
b− a
∫ b
a
f (x)g(x)dx−
(
1
b− a
∫ b
a
f (x)dx
)(
1
b− a
∫ b
a
g(x)dx
)
(1.2)
and ‖.‖∞ denotes the norm in L∞[a, b] defined as ‖p‖∞ = ess supt∈[a,b] |p(t)|.
In 1938, Ostrowski proved the following integral inequality [2]:
Let f : I ⊂ R → R be a mapping that is differentiable in the interior of I(I◦), and let a, b ∈ I◦, a < b. If
|f ′(t)| ≤ M,∀t ∈ (a, b), then∣∣∣∣f (x)− 1b− a
∫ b
a
f (t)dt
∣∣∣∣ ≤
[
1
4
+
(
x− a+b2
)2
(b− a)2
]
(b− a)M, (1.3)
for all x ∈ [a, b].
From [3], if f : [a, b] → R is differentiable on [a, b] with the first derivative f ′ integrable on [a, b], then Montgomery
identity holds:
f (x) = 1
b− a
∫ b
a
f (t)dt +
∫ b
a
P(x, t)f ′(t)dt, (1.4)
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where P(x, t) is the Peano kernel defined by
P(x, t) =

t − a
b− a , a ≤ t ≤ x
t − b
b− a , x < t ≤ b.
In [4], Pachpatte established new inequalities of the Čebyšev type by using Pecaric’s extension of the Montgomery
identity [5] in the continuous case.
The theory of time scales springs from 1988 doctoral dissertation of Hilger [6] that resulted in his seminal paper [7]
in 1990. These works aimed to unify and generalize various mathematical concepts from the theories of discrete and
continuous dynamical systems. Afterwards, the body of knowledge concerning time scales advanced monograph [8].
Many other information concerning time scales and dynamic equations on time scales can be found in the books [8,9].
Throughout this paper, we suppose that T is a time scale, a, b ∈ Twith a < b and an interval means the intersection of real
interval with the given time scales.
The Ostrowski inequality for time scales is given by Bohner and Matthews in [10], and then by using the generalized
polynomials on time scales Karpuz and Özkan [11] extended the results due to Bohner and Matthews. On the other hand,
in [12], Sarikaya et al. established Čebyšev–Grüss type inequalities on time scales by using the kernel of the integrals similar
to that in this paper.
In [10], the authors obtained the following Montgomery identity for time scales.
f (x) = 1
b− a
∫ b
a
f σ (t)1t + 1
b− a
∫ b
a
P(x, t)f ∆(t)1t,
where P(x, t) is the Peano kernel defined by
P(x, t) =
{
t − a, a ≤ t ≤ x
t − b, x < t ≤ b.
Also, in [12], the authors obtained the following generalization of the weighted Montgomery identity for time scales;
We assume that the weight functionw : [a, b]T → [0,∞) is some probability density function, i.e.
∫ b
a w(x)1x = 1, and
set
W (t) =

∫ t
a
w(s)1s, a ≤ t ≤ b
0, otherwise.
Let ψ : [a, b]T → R be a∆-differentiable function on [a, b]T, with ψ(0) = 0 and ψ(1) 6= 0.
Theorem 1. Let a, b, t, s ∈ T with b > a and f : [a, b]T → R be∆-differentiable; then
f σ (x) = 1
ψ(1)
∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
f σ (t)1t + 1
ψ(1)
∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t, (1.5)
where Pw,ψ is a generalization of the weighted Peano kernel defined by
Pw,ψ (x, t) =
{
ψ(W (t)), a ≤ t ≤ x
ψ(W (t))− ψ(1), x < t ≤ b.
If T = R and ψ(t) = t , then (1.5) reduces to the weighted Montgomery identity obtained by Pecaric in [5]:
f (x) = 1
b− a
∫ b
a
f (t)dt +
∫ b
a
Pw(x, t)f ′(t)dt,
where the weighted Peano kernel Pw is
Pw(x, t) =

∫ t
a
w(s)ds, a ≤ t ≤ x∫ t
b
w(s)ds− 1, x < t ≤ b.
Also in [12], on introducing the generalized Cebysev functional for time scales,
T (f , g, ψ∆) =
∫ b
a
[
ψ
(∫ x
a
w(t)1t
)]∆
f σ (x)gσ (x)1x
− 1
ψ(1)
(∫ b
a
[
ψ
(∫ x
a
w(t)1t
)]∆
f σ (x)1x
)(∫ b
a
[
ψ
(∫ x
a
w(t)1t
)]∆
gσ (x)1x
)
, (1.6)
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the authors obtained the representation:
T (f , g, ψ∆) = 1
ψ2(1)
∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆ [∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t
]
×
[∫ b
a
Pw,ψ (x, t)g∆(σ (t))1t
]
1x, (1.7)
and used it to obtain an upper bounded for the absolute value of the Cebysev functional in the case where f ∆, g∆ ∈
L∞∆ ([a, b]T). This bound can be expressed as
|T (f , g, ψ∆)| ≤ 1
ψ2(1)
‖f ∆‖L∞∆ ‖g∆‖L∞∆
∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
H2(x)1x,
where H(x) = ∫ ba |Pw,ψ (x, t)|1t and ‖.‖L∞∆ denotes the norm in L∞∆ ([a, b]T) defined as ‖q‖L∞∆ = ess supt∈[a,b]T |q(t)|.
For T = R, during the past few years many researchers have given considerable attention to the above inequalities and
various generalizations, extensions and variants of these inequalities have appeared in the literature (see [13–15,4,16]).
The purpose of this paper is to establish some new weighted inequalities of Ostrowski and Čebyšev type involving two
functions on time scales. Our proofs are of independent interest and provide new estimates on these types of inequalities.
2. Main results
We are now ready to state our main result, but before to simplify the notation, a, b, t, s ∈ T, a < b and for some given
functions f , g, h : [a, b]T → R, we introduce the following operators:
A(f , g, ψ∆)(x) = gσ (x)
∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t + f σ (x)
∫ b
a
Pw,ψ (x, t)g∆(σ (t))1t
K(f , g, ψ∆)(x) = gσ (x)
∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
f σ (t)1t + f σ (x)
∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
gσ (t)1t
T (f , g, ψ∆) =
∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
f σ (x)gσ (x)1x
− 1
ψ(1)
(∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
f σ (x)1x
)(∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
gσ (t)1t
)
and
H(x) =
∫ b
a
∣∣Pw,ψ (x, t)∣∣1t, N(x) = [ψ (∫ x
a
w(s)1s
)]∆
.
Theorem 2. Let a, b ∈ T with b > a and f , g : [a, b]T → R be∆-differentiable on [a, b]T and f ∆, g∆ be bounded functions on
[a, b]T; then
|A(f , g, ψ∆)(x)| ≤ (|gσ (x)| ‖f ∆‖L∞∆ + |f σ (x)| ‖g∆‖L∞∆ )H(x) (2.1)
for any x ∈ [a, b]T and
|T (f , g, ψ∆)| ≤ 1
2ψ(1)
(‖gσ‖L∞∆ ‖f ∆‖L∞∆ + ‖f σ‖L∞∆ ‖g∆‖L∞∆ )
∫ b
a
N(x)H(x)1x, (2.2)
where ‖.‖L∞∆ denotes the norm in L∞∆ ([a, b]T) defined as ‖q‖L∞∆ = ess supt∈[a,b]T |q(t)|.
Proof. Since the functions f and g satisfy the hypothesis of Theorem 1, the following identities hold:
f σ (x) = 1
ψ(1)
∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
f σ (t)1t + 1
ψ(1)
∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t (2.3)
and
gσ (x) = 1
ψ(1)
∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
gσ (t)1t + 1
ψ(1)
∫ b
a
Pw,ψ (x, t)g∆(σ (t))1t. (2.4)
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Multiplying both sides of (2.3) and (2.4) by gσ (x) and f σ (x) respectively, adding the resultant identities and rewriting, we
have
f σ (x)gσ (x)− 1
2ψ(1)
K(f , g, ψ∆)(x) = 1
2ψ(1)
A(f , g, ψ∆)(x). (2.5)
Thus, using the properties of modulus, we have
|A(f , g, ψ∆)(x)| ≤ |gσ (x)|
∫ b
a
|Pw,ψ (x, t)| |f ∆(σ (t))|1t + |f σ (x)|
∫ b
a
|Pw,ψ (x, t)| |g∆(σ (t))|1t
≤ {|gσ (x)| ‖f ∆(σ (t))‖L∞∆ + |f σ (x)| ‖g∆(σ (t))‖L∞∆ }
∫ b
a
|Pw,ψ (x, t)|1t
= (|gσ (x)| ‖f ∆‖L∞∆ + |f σ (x)| ‖g∆‖L∞∆ )H(x)
for any x ∈ [a, b]T. This completes the proof of (2.1).
Multiplying both sides of (2.5) by
[
ψ
(∫ x
a w(s)1s
)]∆
and then integrating the resulting identity with respect to x from a
to b, we have
T (f , g, ψ∆) = 1
2ψ(1)
{∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
gσ (x)
(∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t
)
1x
+
∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
f σ (x)
(∫ b
a
Pw,ψ (x, t)g∆(σ (t))1t
)
1x
}
. (2.6)
Thus, from (2.6) and using the properties of modulus, we obtain
|T (f , g, ψ∆)| ≤ 1
2ψ(1)
(
‖gσ‖L∞∆ ‖f ∆‖L∞∆ + ‖f σ‖L∞∆ ‖g∆‖L∞∆
) ∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
H(x)1x.
The proof is complete. 
Theorem 3. Let a, b ∈ T with b > a and f : [a, b]T → R be∆-differentiable on [a, b]T, gσ essentially bounded on [a, b]T, and
f ∆, g∆ be bounded functions on [a, b]T; then
|T (f , g, ψ∆)| ≤ ‖g
σ‖L∞∆ ‖f ∆‖L∞∆
ψ(1)
∫ b
a
N(x)H(x),1x (2.7)
where ‖.‖L∞∆ denotes the norm in L∞∆ ([a, b]T) defined as ‖q‖L∞∆ = ess supt∈[a,b]T |q(t)|.
Proof. The identity (1.5) shows that
f σ (x) = 1
ψ(1)
∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
f σ (t)1t + 1
ψ(1)
∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t (2.8)
for any x ∈ [a, b]T. Thus, multiplying both sides of (2.8) by
[
ψ
(∫ x
a w(s)1s
)]∆
gσ (x) and integrate over x ∈ [a, b]T, we get∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
f σ (x)gσ (x)1x
= 1
ψ(1)
(∫ b
a
[
ψ
(∫ t
a
w(s)1s
)]∆
f σ (t)1t
)(∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
gσ (x)1x
)
+ 1
ψ(1)
∫ b
a
(∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t
)[
ψ
(∫ x
a
w(s)1s
)]∆
gσ (x)1x,
which provides another representation for the functional T (f , g, ψ∆) namely,
T (f , g, ψ∆) = 1
ψ(1)
∫ b
a
[
ψ
(∫ x
a
w(s)1s
)]∆
gσ (x)
(∫ b
a
Pw,ψ (x, t)f ∆(σ (t))1t
)
1x. (2.9)
Taking the modulus in (2.9) and utilising the properties of the integral, we obtain the inequality (2.7). 
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